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Broadband Noise Generation by a Vortex Model of Cavity Flow

Jay C. Hardin* and Jean P. Masonft
NASA-Langley Research Center, Hampton, Va.

This paper presents a potential flow model of two-dimensional cavity flow in which the shear layer is
represented by discrete rectilinear vortices. The model compares favorably with physical features of real cavity
flows. A theory is developed through which the noise generation by the cavity may be evaiuated. Calculations of
the spectra and directivity of the quadrupole noise source determined by this theory explain frequency and
directivity phenomena observed in airframe noise testing of real aircraft.

Introduction

HE importance of airframe noise as the floor under

further propulsive noise reduction and as a design
consideration in future aircraft has been stressed by many
researchers, including Morgan and Hardin.! Recent data’
indicate that one of the most intense sources of such radiation
on landing approach is produced by the wheel cavities of the
aircraft in that a significant broadband increase in the noise
spectrum is observed when the wheel wells are opened and the
landing gear deployed. Although it is not yet clear whether
this noise increase is due to the cavity itself or to a change in
the flowfield around the wing/flap system, considerable
research into the noise generation mechanisms of cavity flow
has been stimulated.

The flowfield within cavities has been of interest for several
years due to fatigue and buffeting problems. Extensive data
on cavity flowfields have been obtained and methods for the
reduction of internal pressure oscillations have been
developed.® However, little is now known of the farfield
radiation of cavities with the exception of the tonal behavior
which can occur in certain ranges of Mach number and cavity
dimensions.* Although tones have been observed in the
airframe-noise signature of some aircraft, it is apparent that
this is not the only mechanism present at the low approach
Mach numbers of modern airliners.

In an attempt to attain an understanding of such
mechanisms and develop methods for their reduction, this
paper presents a model of two-dimensional cavity flow in
which a shear layer over the cavity is represented by discrete
rectilinear vortices which are free to move as the flow
progresses. Such models have proven useful in the un-
derstanding of flowfields—a rather thorough review is given
by Clements and Maull*—and have been employed in the
calculation of noise production in jets by Davies et al.®
Although the model is initially started impulsively, the
computation is continued until a statistically steady flow is
achieved. The noise production by the cavity is then evaluated
through a reformulation of Lighthill’s theory employing an
extension of the “‘reflection principle.”’” The paper presents
results on the spectrum and directivity of cavity broadband
noise generation calculated on the basis of this theory.

Approach

A visualization of the flow over and within a cavity is
shown in Fig. 1. This photograph was obtained by H. Werle
of ONERA in a low-speed water tunnel. The length-to-depth
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ratio of the cavity is 2.0, the flow speed is 10 ¢cm/sec, and the
flow direction is from left to right. It can be seen that the flow
separates at the leading edge of the cavity creating a highly
vortical shear layer between the fluid within the cavity and the
flow outside. This shear layer spreads into the cavity,
ultimately impinging on the back wall, and turns downward
creating a large relatively stable vortex trapped within the
cavity. This vortex, which is fed energy by the shear layer,
interacts with it inducing a semiperiodic displacement of the
shear layer which governs the rate at which vorticity is shed
downstream.

In this analysis, a model of this flow is developed through
the use of simple potential solutions. The model is based upon
a Schwarz-Christoffel relation which transforms the cavity
geometry into a plane. The inviscid cavity flow is obtained
from the complex potential of uniform flow over a plane.
Separation of this flow at the cavity leading edge is then
simulated by the insertion of discrete vortices near the leading
edge. One vortex is inserted during each small time interval
At. The circulation of these discrete vortices is determined by
application of the Kutta condition at the leading edge. Their
position in the transform plane is obtained by numerical
inversion of the transformation and the boundary condition
of zero normal velocity at the walls satisfied by the insertion
of image vortices. The motion of the shear layer can then be
followed by sequential solution of the governing potential
flow equationsin time.

Inviscid Flowfield of a Cavity

Consider a general two-dimensional cavity of length L and
depth D as shown in Fig. 2 where it is assumed that far up and
downstream of the cavity the flow is uniform and parallel to
the x’ axis. Employing the nondimensional variables

Fig.1 Water tunnel visualization of cavity flow.



MAY 1977

y=-— 03]

yields the geometry shown in Fig. 3(a) where d=2D/L. The
normalized flow velocity then becomes U;=2U, /L. If the
complex variable z=x+ iy is introduced, R.R. Clements® of
the University of Bristol has shown that the cavity and wall
may be transformed into the real axis of the A-plane shown in
Fig. 3(b) by the transformation

_ Efsin~/A\sin™/(I/a)]
h E(l/a%)

@

where A={+in, E[- \ -] is the incomplete elliptical integral
of the second kind with complex argument and E(-) is the
complete elliptical integral of the second kind.® This trans-
formation takes the points z= + 1 into the points A + 1 and the
points z= =+ 1+ id into the points A= xg. Thus, the parameter
a must satisfy the relation

Elsin~’a~sin™/(1/a)]
1+id= 3
A E(I/a?) )

However, it can be shown '° that
Elsin fa~sin '(I/a)1=E(1/a®) +i{K(I—1/d?)
—E(I-1/a%)]

where K (-) is the complete elliptical integral of the first kind.
Thus,

_K(1-1/a®) —E(1—1/a?)
- E(1/a%)

@

The solution of this relation for the parameter ¢ is shown in
Fig. 4.

The uniform velocity far up and downstream of the cavity
may be introduced by recalling that the complex potential is
invariant under a conformal transformation such as that
given by Eq. (2). In the transform A-plane, the flow will
appear as a uniform flow in the ¢ direction with the simple
potential

wi(N\) =AN

where A4 is a constant. Thus, in the original z-plane

w(z) =Af(z) 5)
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Fig.2 Cavity geometry.
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where A=7(z) is the inversion of the transformation. The
irrotational velocity components in the z-plane may then be
calculated from

dw dw dA

u—iv= sz— = —d):— —EZAf (2) ©)
where
, _ dA _ 5 _()\2—1)'/1
f ()= & =aE(l/a%) ——()\z—az)%

by Eq. (2). Applying the known condition that u—U,
aslzl —oyields A=U,/aE(1/a’).

Effect of Viscosity on the Cavity Flow

Although the solution obtained in the previous section is
perfectly valid as long as the flow is inviscid, real flows are
viscous. The action of viscosity on the flow is to introduce an
additional force which places restrictions on the flow’s
behavior. In particular, as the flow reaches the leading edge of
the cavity, it will no longer turn the corner as it does in the
potential flow case but will, instead, separate from the surface
creating a shear layer between the outer flow and the more
quiescent fluid within the cavity.

This shear layer is made up of highly rotational fluid as a
result of the creation of vorticity by the surface and is highly
unstable, tending to roll up due to the Kelvin-Helmholtz
instability into concentrated regions of high vorticity. Thus,
the potential flow solution can be modified to include this
shear layer by the periodic insertion of two-dimensional
vortex filaments near the leading edge of the cavity. Such a
model has been successfully employed in the case of a square-
based section by Clements. !

Suppose that, at time ¢, there are N vortices of strengths T';
at the positions z; (i=1,2,...N). Then, the velocity at any
point in the flow will consist of the irrotational flow given by
Eqg. (6) in addition to the velocity induced by the vortices. If
Ni=f(z;) are the transforms of the vortex positions, the
complex potential is given by

. N
w(\) =AN— — Y T'log(A—\)
2w i=]

i

+
27

N
Y Tlog(A=A") )
i=1

where the star indicates the complex conjugate and the second
summation consists of the image vortices necessary to satisfy
the boundary condition of no flow through the plane 4 =0.
Thus, the velocities are given by

N

i r
u~iu:dw/dz=[A—~ e
2r ;, (A=A7)

N

At ®
27‘{' j=1 ()\—)\f)
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If the point at which the velocity is desired is a point where a
vortex occurs, say z =2, then Rough’s rule!!
[ [ T;
A _— —
2r T (M= N)
P ©
Al T f7(zh)
E ]f (Zk) l—i ,
i=1 ( )\k - )\ ) 4 f (zk)

where N, =f(2¢) .

The rate at which vorticity is shed into the shear layer, and
thus the circulation I'; of these vortices, is thought to be
governed by the relation dI'/d¢=U7/2, where U, is the
velocity at the outer edge of the boundary layer as suggested
by Clements.!' However, the boundary-layer thickness is
unknown, and application of this condition with U,= U, led
to a model which was not physically realistic. The vorticity
was nearly all trapped in the cavity forming a single large
vortex which ultimately rose out into the flow. A more
physically realistic model can be obtained by application of
the Kutta condition at the leading edge of the cavity. This
condition requires that the transform of the leading edge
(A= —a) be a stagnation point in the transform plane.
Suppose that, at time ¢, there are N— [ vortices in the flow and
that a new vortex is introduced at the point zx. If Ay =f(zx),
then the point A= —a will be a stagnation point in the tran-
sform plane if the circulation of the new vortex is taken as

N—1
T\
_ A—— +m i
B ,Zz:, a2+ 2aRen, + IN 12
T'n= I (10)
mivN

az+ZaRe)\N+ |XNI 2

(u—-iv)l =
=Tk

where Re(-) and I,,,( -} indicate the real and imaginary parts
of a complex number.

Operation of the Cavity Model

The model for two-dimensional cavity flow developed in
the previous two sections may be readily exercised by
numerical integration of the governing equations in time. The
flow is started from rest. There seem to be two equally valid
ways of viewing this starting process depending upon the
preference of the individual. It can be assumed that the time-
independent potential flow over the cavity exists and that, at
time =0, viscosity is ‘‘turned on’’ and vorticity begins to be
shed into the shear layer. Or the concept of an ‘‘impulsive
start’” may be envisioned. This requires that at ¢=0, the
potential flow be established essentially instantaneously and
then subsequently modified by the action of viscosity.

Whichever of these starting processes is pictured, in the first
small time interval At, a short length of vortex sheet will be
shed from the cavity leading edge into the shear layer. This
short length of sheet will tend to roll up due to the action of
the Kelvin-Helmholtz instability and can thus be replaced in
the model by a discrete rectilinear vortex at the position
z;=—1 + [(UyAt) /3] +ih which is roughly the centroid of
the vortex sheet.® The position of this vortex in the transform
plane can then be determined through numerical inversion of
the transform, for example, \;=f(z,), and its circulation
from Eq. (10). The velocity field experienced by this vortex in
the physical plane is then given by Eq. (9) and its position at
the end of the second time interval A¢ obtained through
numerical integration of the governing equations

dx/dt=u(x,y)
dy/de=v(x,y) (11

However, during this second time interval At, another short
length of vortex sheet will have been shed from the cavity
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leading edge. It is replaced by a new discrete vortex at the
point z=z; and the process repeated. The positions of both
vortices in the transform plane are obtained by inverting the
transformation, the circulation of the new vortex calculated
from Eq. (10), the velocity of each vortex determined from
Eq. (9), and new positions through integration of Eq. (11).

This procedure can be continued for as long as desired. For
dimensionless time steps UyAt such that 0.01 < U, At <0.1,
the macroscopic character of the flow has been shown in-
dependent of the time step by comparing models with dif-
ferent time steps at the same nondimensional time. The
steady-state behavior is reached about Uyt=20.0. Motion
picture films of the vortices within this flow model have been
produced out to U,¢=100.0. For the values 1 <//D<2 usedin
this study, these films show that the shear layer rolls up into a
relatively stable, large vortex within the cavity with vorticity
continuously being shed downstream. A semiperiodic
‘‘sloshing’’ motion of the cavity flow can also be observed.
Figure 5 is a blown-up frame from such a film with
U, At=0.1 and L/D=2.0. The dots shown are crosssections
of rectilinear vortices with axes into the plane of the paper.
This figure can be compared with the flow visualization of the
similar cavity shown in Fig. 1. Clearly, such comparisons are
tenuous as the model is basically inviscid, which makes it
difficult to determine what range of Reynolds number of real
flows, if any, the model simulates. However, the comparison
does indicate that many physical features of the actual flow
are present in the model.

There are two computational problems which arise in at-
tempts to utilize this model. The first is the required inversion
of the transformation. For a given vortex position z, a
Newton-Raphson iteration procedure is used to find the value
of N which satisfies Eq. (2). Since \ is a complex variable, this
requires that the ellipticintegral E[sin =/ A \ sin =/ (1/a)] be
transformed into an expression containing elliptic integrals
with only real arguments. These integrals are then evaluated
by the process of arithmetic-geometric mean.® This procedure
works well unless the vortices are very close to the walls of the
cavity, which is the second of the computational problems
which arise. This problem has been overcome by removing
from the calculation any vortices which approach closer than
0.015 to the walls, a solution first suggested by Clements, !
who implied that it was physically equivalent to viscous
dissipation of vorticity.

Theory of Cavity Noise Radiation
Since this study is motivated by sound generation due to the
presence of the cavity, it is necessary to consider how such
radiation might be related to the parameters of the model.

|
Fig. 6 Real and image spaces.
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Certainly, the model itself is incompressible. Thus, such a
theory must ultimately rest upon the work of Crow,!? who
has shown that the relevant sound sources may be considered
to be the incompréssible (and, in fact, solenoidal!) com-
ponents of velocity within the turbulent flowfield. With this
result in mind, a simple expression for the noise radiation by
the cavity may be obtained by a slight extension of the
“reflection principle’’ ideas first set forth by Powell.’
Consider the cavity geometry shown in Fig. 6. Curle!3 has
shown that, for the case of zero normal velocity at the solid
boundary, the acoustic density at the observer position x is
given by

3?2 S T,'j ® (y,t"'r/ag)
Pa(Xt) = 4mad dxdx; Y e r dy
1 S PR (y,t—r/ay)
— — —_—d 12
4mai 9x,9 sg r 7 12)

where T; % is Lighthill’s stress tensor in the region V, and
P; ‘® is the force per unit area exerted on the fluid by the solid
boundary Sy in the i direction. The ambient speed of sound is
denoted by @y, and r= |x—yl. Lighthill’s stress tensor and the
surface pressures can be related to the real vortices in the
volume V.

The image vortices within the volume V; may also be
considered to generate a Lighthill stress tensor T,/ and
pressures P; (V' on the surface §;. Thus, an equation similar to
Eq. (12) may be written for the image space. However, since
the observer position x is separated from the region V, by the
solid surface §,, there can be no radiation to x from the image
space (see Ffowcs-Williams)'* and the expression must be
identically zero, that is,

1 a2 S T,-j‘”(y,t—r/ao)d
" 4wad 3x9x;d vy r Y

1 i} P (y,t—r/ay)
S = it AL 9
47('00 3x,~ Sy r

Thus, adding Eqs. (12) and (13) yields

az T,-j(y,t—f'/ao) dy

x,t) = S
PalX0) 47ra02 ax‘-an Vp+Vp r

1 4 PR (y,t—r/a,)
- TR —— dy
4maf Ox;J Sy r
I 3¢ P(yt=r/ap)
41(00 ax,' Sy r

(14)

where T, takes the value 7;; ‘® or T; " depending upon the
region where the point y lines.

Now, Powell” has shown that the sum of the two surface
integrals in Eq. (14) is zero for inviscid flow over an infinite
plane surface. However, this is not necessarily true for the
cavity geometry as the image flow is no longer a mirror
reflection of the real flow. For this case, noting that the model
is inviscid, Eq. (14) can be written

62 T,‘j(y,t_r/ao)
2 dy
47!'00 ax;axj‘ 4 r

1 d AP(y,t—r/ay)
— ——dy
4draf 0x, Y Sg r

pa(x’t) =

15

where AP is the surface pressure discontinuity across the
boundary surface produced by the difference in the real

and image flows and # is the outward normal to the surface

(13)
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Sz. This relation, which could have been obtained directly
from Egs. (3.1) and (3.2) of Ffowcs-Williams’ paper, '* shows
that the sound radiation can be expressed as a distribution of
quadrupoles over both the real and image spaces as if the
surface were not present and a residual distribution of dipoles
over the surface whose strength depends upon the pressure
differential caused by the imperfect reflection due to the
cavity in the surface.

The major advantage of Eq. (15) over Eq. (12) is that the
description of mere reflection of the quadrupole sound by the
surface has been removed from the surface integral into the
volume integral where it may be more easily calculated. To see
this, note that in the absence of surfaces,

1 9° Ty (y.t—r/ap)
> dy
47I'ag ax,-ax_,' 4 r

. S o Tyt=rian)
" drad v8y8y; r Y (16)

where §/8y; indicates partial differentiation with respect to y;
with r held fixed. This latter integral has been studied by
Hardin !’ who has shown that, in the far field

1 S ) TU(y,t’—-r/ao)dy
47['(102 V(Syjéyj r
vt (Gl )
=P XX E N e
4dras x* \de? Vy’£j Y
RN ( d’e ) 17
47!'(104 X dtz ( )

Here £ =0 X,v, where Q is the vorticity and v the solenoidal
velocity; the asterisk indicates evaluation at the retarded time
t—x/a,and

vZ
e=po) % dv (18)

is the total kinetic energy of the solenoidal field. Thus, taking
a similar farfield approximation for the surface integral, Eq.
(15) becomes

*

X, t) =— —
palx:0) 4ral x

. 1 1 ( dze)
4nai x dr?

A = ( d—S APd)* 19
4rai x? \drd sy Y, (19)

which is a theoretical expression for noise radiation by a
cavity.

po xx,; ( d’
e (3,—25 pidy)

*

Quadrupole Noise Radiation by the Model

Note that Eq. (19) implies that there are actually three
potential types of sources associated with a cavity in a
flowfield. The lowest order is a monopole produced by the
second-time derivative of the solenoidal kinetic energy. As the
Kutta condition results in a nonconstant rate of introduction
of vorticity, this term should be important and, in fact, may
account for the intense tones which can be produced by
cavities in certain ranges of Mach number and L/D. The next
higher-order source is a distribution of dipoles over the
surface related to the discontinuity of pressure across it.
Powell” has shown that this term is identically zero in the
absence of the cavity. Thus, its contribution is probably



636 J.C.HARDIN AND J. P. MASON

small, at least for shallow cavities. The highest-order term is a
distribution of quadrupoles over the entire (real and
imaginary) volume occupied by the flow and is undoubtedly
primarily responsible for broadband noise generation by the
cavity. It is this term which has been pursued in calculation of
broadband noise production by the model.

Consider the integral

SVyiqudV

for a field of rectilinear vortices. Suppose that, at time ¢,
there are N real vortices in the field with circulations
I'(n)=1,2,...,N. There are also N imaginary vortices within
circulations I'(n)=-1,-2,...,—N. Then, since vorticity
only occurs within the cores of the vortices,

N

S yy1£jdV= Z

n:NS , i€, Mdy (20)

where the convention £,'? = 0 has been adopted.

Now, in the standard Cartesian cocrdinate space, if it is
assumed that vorticity is uniformly distributed over the core
of each vortex

ﬂ("):.I_‘(n)
A

k @n

where A is the area of the core. Further
v=u"i+v"j (22)

where u(" and v are the x and y components of velocity
induced on the core of the nth vortex by all the other vortices.
Thus

p (M () (mp(m
gm=gnxp= -t i 23)

and it can be seen that £ ;) = 0. Therefore
S Vyi£3(”)dy=0 (24)
Further, since £ (" is independent of z

S Vy3£j“')dy=0 (25)

Thus, there are only four nonzero components of the integral

SVy;£1(")dy=—X(”)U("’F(")l’ (26a)

SVy2<$31(")d.v=—y(")v""I“"’l’ (26b)

SV 2L, Mdy=x My inp (g (26¢)
and

SV P28, Mdy=y My (W (my (26d)

where x " and y (" are the coordinates of the position of the
nth vortex at the time ¢ and ¢ is the nominal length of the
vortices in the z direction.
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Thus, the quadrupole term of Eq. (19) becomes

p x;% 7 d? *
pn(x)t)z_ 2 [—13—( S yl"cldy)
X |4

4rad dr?
+ X;«:z ( :;1;2_ S Vy,£2dy>*
25 (G )
(8 ) | @)
or
pa(x,t+x/ay) =~ #}23[ -x7 (—;ltiz ’I:ZN;N
n#0

42
x My (M (M XX oy

rm (x"”u"')—y‘")v"'))

n=-—-N
2 N '
ot g B P u) @8)
n#l

Equation (28) may be employed to readily calculate the
quadrupole noise generation by the model.

Results of Cavity Noise Calculation

The broadband noise generation of a cavity has been
calculated on the basis of the theory presented in the previous
two sections. This was accomplished by first running the
model until the steady state was reached and then computing a
stationary record of farfield density fluctuation through Eq.
(28). Extensive care was taken to insure that the second time
derivatives required by this expression were accurately
calculated. The discrete time series so generated could then be
analyzed by ordinary digital spectral techniques to determine
the spectra and overall levels of the noise.

Figure 7 shows a typical third octave band spectrum ob-
tained in this way for a position directly above the cavity. The
spectra for other positions are quite similar. This spectral
estimate contains six degrees of freedom. Note that the
spectrum is quite broadband with a peak at the Strouhal
number (St=fL/Uj)of 4.0. This is considerably above the
Strouhal range (0.5 < St <2.0) where cavity tones are normally
produced. Thus, it helps to explain the high-frequency
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0

Fig.7 Broadband cavity noise spectrum.
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Fig.8 Directivity of cavity broadband noise.

broadband noise generation by cavities observed during
airframe noise testing of real aircraft. Figure 8 displays the
calculated directivity pattern of this broadband noise source.
Note that the noise peaks slightly upstream of the cavity. This
effect has also been observed in full-scale airframe noise tests.

Conclusion

This paper has presented a potential flow model of two-
dimensional cavity flow in which the shear layer is represented
by discrete rectilinear vortices. The model compares favorably
with physical features of real cavity flows. A theory is also
developed through which the noise generation by the cavity
may be evaluated. Calculations of the spectra and directivity
of the quadrupole noise source determined by this theory
explain frequency and directivity phenomena observed in
airframe noise testing of real aircraft.
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